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Runaway electrons

• In plasmas, the Coulomb collision frequency 

between particles varies as (density)/(velocity)3.

• This can lead to a cascade of relativistic 

“runaway” electrons (REs) with energies of tens 

of MeV.

• Relativistic charged particles emit a cone of 

synchrotron radiation (SR) in their direction of 

motion.

• In C-Mod, this radiation can be in the 

visible/near-infrared range (300-900 nm).
Camera view inside Alcator C-Mod. 

Synchrotron Emission



Motivation
Q: From the SR, can we distinguish a mono-energetic (and mono-pitch) 

RE distribution from a continuum distribution of energies and pitches?

• Recent studies [1-3] have predicted that REs will accelerate to a maximum energy at 
which the radiative force and collisional friction balances the electric force, forming 
a “bump” in the energy distribution function.

• Others [4,5] suggest that a broader distribution contributes to the SR spectra.

• Knowing the maximum energy of REs – as determined by the distribution – can have 
important implications for RE mitigation in fusion devices.

[1] P. Aleynikov, et al. Phys. Rev. Lett. 114, 155001 (2015). [4] A. Stahl, et al. Phys. Plasmas 20, 093302 (2013). 
[2] J. Decker, et al. arXiv:1503.03881v2 [physics:plasm-ph] (2015). [5] M. Landreman, et al. Computer Physics Communications 185, 847 (2014).
[3] E. Hirvijoki, et al. J. Plasma Phys., vol. 81, 47810502 (2015).



Experimental setup
Data was collected using an absolutely-
calibrated spectrometer installed on C-Mod, 
with spectral range of ~350-1020 nm.

Toroidal cross section of C-Mod
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Data was collected using an absolutely-
calibrated spectrometer installed on C-Mod, 
with spectral range of ~350-1020 nm.



Synchrotron emission data

The red highlighted data is at t = 1.5 s and is used in this analysis.

Plasma parameters at t = 1.5 s:

• Bt = 5.35 T

• Ip ≈ 1 MA (end of flat-top)

•  ne = 2.5 ∙ 1019 m-3

• Te0 = 4.25 keV

• abeam ≈ 5 cm (as seen by camera)

• Vloop = 1.05 V 
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Synchrotron emission data

1
1

5
1

0
0

2
0

2
2

1
1

5
1

0
0

2
0

2
2

The red highlighted data is at t = 1.5 s and is used in this analysis.



Two models for the RE distribution
For a mono-energetic and mono-pitch RE beam, the 
brightness (W/m3/sr) is [6]:

𝐵𝑚𝑜𝑛𝑜 𝜆, 𝜽, 𝒑 =
2 𝑅 𝒏𝒓

𝜋 𝜃𝑒𝑓𝑓 𝒑, 𝜽
𝑃 𝜆, 𝜃𝑒𝑓𝑓, 𝒑

where 𝒏𝒓 is the density of REs emitting SR, 

𝜽 = 𝒗⊥/𝒗∥ = 𝒑⊥/𝒑∥ is the pitch, and 𝒑 = 𝑬𝟐/𝒎𝟐𝒄𝟒 − 𝟏

is the normalized momentum. 

[6] J.H. Yu, et al. Phys. Plasmas 20, 042113 (2013).
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brightness (W/m3/sr) is [6]:
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where 𝒏𝒓 is the density of REs emitting SR, 

𝜽 = 𝒗⊥/𝒗∥ = 𝒑⊥/𝒑∥ is the pitch, and 𝒑 = 𝑬𝟐/𝒎𝟐𝒄𝟒 − 𝟏

is the normalized momentum. 

[4] A. Stahl, et al. Phys. Plasmas 20, 093302 (2013).          [6] J.H. Yu, et al. Phys. Plasmas 20, 042113 (2013).          [7] T. Fülöp, et al. Phys. Plasmas 13, 062506 (2006).



Two models for the RE distribution

The RE density, 𝒏𝒓, is estimated [4,6] using the plasma current carried by the REs , 𝑰𝒓, and 
cross-sectional area, 𝐴𝑟, of the beam (as seen by our cameras): 

𝒏𝒓 = 𝑰𝒓/(𝑒𝑐𝐴𝑟)

During the flat-top, we do not know 𝑰𝒓, so we have to fit the data by varying the RE current for both the 
mono-energetic and continuum distributions.

For a mono-energetic and mono-pitch RE beam, the 
brightness (W/m3/sr) is [6]:

𝐵𝑚𝑜𝑛𝑜 𝜆, 𝜽, 𝒑 =
2 𝑅 𝒏𝒓

𝜋 𝜃𝑒𝑓𝑓 𝒑, 𝜽
𝑃 𝜆, 𝜃𝑒𝑓𝑓, 𝒑

where 𝒏𝒓 is the density of REs emitting SR, 

𝜽 = 𝒗⊥/𝒗∥ = 𝒑⊥/𝒑∥ is the pitch, and 𝒑 = 𝑬𝟐/𝒎𝟐𝒄𝟒 − 𝟏

is the normalized momentum. 

[4] A. Stahl, et al. Phys. Plasmas 20, 093302 (2013).          [6] J.H. Yu, et al. Phys. Plasmas 20, 042113 (2013).          [7] T. Fülöp, et al. Phys. Plasmas 13, 062506 (2006).
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Mono-energetic fit matches data

• This data can be well-fit for a range 
of RE energies, pitches, and currents:

24.8 MeV  ≤  Emono ≤  30.6 MeV

0.070  ≤ 𝜽 = 
𝒗⊥

𝒗∥
≤  0.125

77 A  ≤  Ir,mono ≤  82 A

• Assuming all REs emit SR at 28 MeV 
and pitch of 0.09, this means they 
only carry ~100 A of the 1MA plasma 
current.

Eavg = 28.0 MeV
θavg = 0.09
Ir,avg = 81 A



“Mono-energetic bump” formation

• In [1], the energy at which REs converge is 
calculated as a function of Zeff, which we 
were not able to measure for this data.

• For the plasma parameters at t = 1.5 s, a 
mono-energetic RE beam of 28 MeV is 
produced by a Zeff,mono of ~4 , which is 
consistent with experiments on C-Mod. [8]

• This also means that C-Mod’s high Zeff (3-7) 
in RE-producing plasma conditions could 
limit the RE energy to < 30 MeV. 

[1] P. Aleynikov, et al. Phys. Rev. Lett. 114, 155001 (2015). 
[8] R. S. Granetz, et al. Phys. Plasmas 21, 072506 (2014).



Continuum distribution matches data 

This best fit calculates:

• Emax,dist = 19.7 MeV
- About 10 MeV less than Emono

• Ir,dist = 3.5 kA
- Accounts for <1% of the total plasma 

current, but more than Ir,mono

• Zeff,dist = 3
- Lower bound of fitting range (3 – 7).



Both fits are comparable

• The mono-energetic and 
continuum distribution fits are 
very similar, with about the 
same goodness of fit.



Both fits are comparable

• The mono-energetic and 
continuum distribution fits are 
very similar, with about the 
same goodness of fit.

• There is a brightness feature
that cannot be fit by either.
• Maybe we need a different RE 

distribution?

• Or perhaps this is a result of a 
calibration error?

???



Conclusions

• The mono-energetic and continuum distribution calculations both fit 

this data equally well, but perhaps another distribution could fit it 

even better.

• C-Mod’s relatively high Zeff at low densities may limit RE energies to 

~30 MeV, which would limit our SR analysis in the visible. 

• RE beams in C-Mod could have energies up to ~30 MeV and carry 

3.5 kA of current during a 1MA flat-top plasma current.
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Both fits are comparable

• resnorm =  λ 𝑑𝑎𝑡𝑎 λ − 𝑓𝑖𝑡 λ 2

• Goodness of fit

• MATLAB’s lsqcurvefit was used to 
perform a nonlinear least squares fit to 
the two models.

• We assume that each data point has 
the same uncertainty.

• resnormmono = 1.4 ∙ 10-12

• resnormdist = 1.2 ∙ 10-12



Camera view of SR

Synchrotron emission



Camera view of SR

Synchrotron emission

Parameters:

• R = 68 cm – C-Mod major radius

• a = 22 cm – C-Mod minor radius

• abeam ≈ 5 cm – radius of RE beam

• Abeam ≈ 80 cm2 – area of RE beam

• rlens = 9 mm – lens aperture

• r0 = 1.77 m – distance from lens 
to tangency radius (SR)



Time evolution: Mono-energetic RE beam

• t = 1.33s
• Eavg = 24.3 MeV, σE = 1.8 MeV

• θavg = 0.08,  σθ = 0.02

• Iavg = 48 A,  σf = 2 A



Time evolution: Mono-energetic RE beam

• t = 1.33s
• Eavg = 24.3 MeV, σE = 1.8 MeV

• θavg = 0.08,  σθ = 0.02

• Iavg = 48 A,  σf = 2 A

• t = 1.50s
• Eavg = 28.0 MeV,  σE = 1.2 MeV

• θavg = 0.09, σθ = 0.01

• favg = 81 A,  σf = 1 A



Non-monotonic brightness



Full power calculation
The power radiated by a relativistic electron in a tokamak is given by [A]: 

𝑃𝑓𝑢𝑙𝑙 𝜆 =
𝑐𝑒2

𝜖0𝜆
3𝛾2

{  
0

∞1 + 2𝑦2

𝑦
𝐽0 𝑎𝑦3 sin

3

2
𝜉 𝑦 +

1

3
𝑦3 𝑑𝑦

+
4𝜂

1 + 𝜂2
 
0

∞

𝑦 𝐽1 𝑎𝑦3 cos
3

2
𝜉 𝑦 +

1

3
𝑦3 𝑑𝑦 −

𝜋

2
}

where

𝑎 = 𝜉𝜂/(1 + 𝜂2),    𝜉 =
4𝜋

3

𝑅

𝜆𝛾3 1+𝜂2
, 𝜂 ≅

𝑒𝐵

𝑚

𝑅

𝛾𝑐

𝑣⊥

𝑣∥

and 
𝑣⊥

𝑣∥
is the pitch and 𝛾 = E/mc2 is the relativistic Lorentz factor.

[A] Equation 2 in A. Stahl, et al. “Synchrotron radiation from a runaway electron distribution in tokamaks.” 2013.



Power density approximation
• Using the approximation:

𝜆 ≪
4𝜋

3
𝑅𝜂/[𝛾3 1 + 𝜂 3]

the power calculation reduces to [B] :

𝑃𝑎𝑠2 (𝜆) =
3

8𝜋

𝑐𝑒2𝛾

𝜖0𝜆
2𝑅

1+𝜂 2

𝜂
exp(−

4𝜋

3

𝑅

𝜆𝛾3

1

1+𝜂
)

• This approximation is only valid for C-Mod at 
low energies (~25MeV).

[B] Equation 7 in Stahl, et al., (2013).



Mono-energetic brightness
For a mono-energetic (mono-pitch) beam, the brightness 

(W/m3/sr) is [C]:

𝐵 𝜆, 𝜃𝑒𝑓𝑓 , 𝛾 =
2 𝑅 𝑛𝑟

𝜋 𝜃𝑒𝑓𝑓
𝑃 𝜆, 𝜃𝑒𝑓𝑓 , 𝛾

where 

𝜃𝑒𝑓𝑓 ≈
𝑣⊥

𝑣∥

2

+ 𝛾−2 +
𝑟𝑙𝑒𝑛𝑠

𝑟0

2

is the effective viewing aperture and 𝑛𝑟 is the runaway beam density at this energy.

[C] Equation 10 in Stahl, et al., 2013.



Distribution of energies and pitches

For a distribution of energies and pitch angles [D]:

𝑓𝑅𝐸 𝑝∥, 𝑝⊥ =
𝑛𝑟

 𝐸

2𝜋𝑐𝑧𝑝∥𝑙𝑛Λ
exp −

𝑝∥

𝑐𝑧𝑙𝑛Λ
−

 𝐸𝑝⊥
2

2𝑝∥

The brightness is calculated [E]:

𝐵 𝜆 = 4𝑅 
0

1

 
𝑝_𝑚𝑖𝑛

𝑝_𝑚𝑎𝑥 1

𝜃𝑒𝑓𝑓 𝜒
𝑃 𝜆, 𝜃𝑒𝑓𝑓 𝜒 , 𝛾 𝑝 𝑓𝑅𝐸 𝑝, 𝜒 𝑝2𝑑𝑝𝑑𝜒

[D,E] Equations 9 and 12, Stahl, et al., 2013.
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Future Work

• This data should be compared with numerical simulations like LUKE 
and CODE [2,5] for further analysis.

• Experimentally, the next step is to create a higher energy RE beam 
(~50 MeV). In C-Mod, the SR would peak in the visible and (hopefully) 
determine the distribution.

[2] J. Decker, et al. arXiv:1503.03881v2 [physics:plasm-ph] (2015).   
[5] M. Landreman, et al. Computer Physics Communications 185, 847 (2014).


